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Abstract We determine, in a polynomial ring over a field, the arithmetical rank
of certain ideals generated by a set of monomials and one binomial.
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Introduction
LetR be Noetherian commutative ring with identity. We say that some elements
p1, . . . , ps ∈ R generate an ideal I of R up to radical if
√
I =
√
(p1, . . . , ps). The
smallest s with this property is called the arithmetical rank of I, denoted ara I.
This number is of great interest in Algebraic Geometry: if R is a polynomial
ring in n indeterminates over an algebraically closed field K, by virtue of Hilbert
Basissatz, it is the minimum number of defining equations for the variety V (I)
in the affine space Kn.
It is well-known that height I ≤ ara I; if equality holds, I is called a set-theoretic
complete intersection (s.t.c.i.). Obviously, ara I ≤ µ(I), where µ(I) is the min-
imum number of generators for I. This inequality is strict in general, which
implies that ara I elements generating I up to radical need to be constructed
by combining the minimal generators in a suitable way. No universal method is
known so far, but some techniques have been developed for special cases. One
example is the following lemma by Schmitt and Vogel:
Lemma 1 [[15], p. 249] Let P be a finite subset of elements of R. Let P0, . . . , Pr
be subsets of P such that
(i)
⋃r
l=0 Pl = P ;
(ii) P0 has exactly one element;
(iii) if p and p′′ are different elements of Pl (0 < l ≤ r) there is an integer
l′ with 0 ≤ l′ < l and an element p′ ∈ Pl′ such that pp′′ ∈ (p′).
We set ql =
∑
p∈Pl
pe(p), where e(p) ≥ 1 are arbitrary integers. We will write
(P ) for the ideal of R generated by the elements of P . Then we get√
(P ) =
√
(q0, . . . , qr).
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This result, together with the extensions and refinements contained in [2], [3] and
[4], works for many monomial ideals. The propositions in [1], [6], [7], [8], [9], [10],
and [14] apply to important classes of binomial ideals, namely to determinantal
and toric ideals. The aim of this paper is to present new methods for the
computation of the arithmetical rank of certain polynomial ideals which have a
“mixed” generating set, formed by one binomial and some monomials. We shall
compare their arithmetical ranks with the lower bounds provided by local and
e´tale cohomology. The case of the ideals defining minimal varieties, which are
generated by several binomials and monomials, has been treated in [5].
1 Generalizing a result by Schmitt and Vogel
We prove the following generalization of Lemma 1. The proof is an easy adap-
tation of the original one. We give it for the sake of completeness.
Lemma 2 Let P be a finite subset of elements of R. Let P0, . . . , Pr be subsets
of P such that
(i)
⋃r
l=0 Pl = P ;
(ii) P0 has exactly one element;
(iii) if p and p′ are different elements of Pl (0 < l ≤ r) then (pp′)m ∈(⋃l−1
i=0 Pi
)
for some positive integer m.
We set ql =
∑
p∈Pl
pe(p), where e(p) ≥ 1 are arbitrary integers. Then we get√
(P ) =
√
(q0, . . . , qr).
Proof .-The inclusion ⊃ is clear. For ⊂ it suffices to prove that, for 0 ≤ l ≤ r,
Pl ⊂
√
(q0, . . . , ql). We proceed by induction on l. For l = 0 the claim is trivial,
since by (ii) P0 = {q0}. So suppose that l ≥ 1 and assume the claim true for
l − 1. Let Pl = {p0, . . . , ps}, and consider
p0ql = p
e(p0)+1
0 +
s∑
i=1
p0p
e(pi).
Then take the N -th power of both sides, where N is a positive integer. One
gets:
(p0ql)
N = p
N(e(p0)+1)
0 + C, (1)
where C is a linear combination of products of the form
p
(e(p0)+1)α0+α1+···+αs
0 p
e(p1)α1
1 · · · pe(ps)αss ,
with
∑s
i=0 αi = N . For N large enough, from (iii) and induction it follows that
C ∈
(
l−1⋃
i=0
Pi
)
⊂
√
(q0, . . . , ql−1). (2)
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Then (1) and (2) imply that
p
N(e(p0)+1)
0 = (p0ql)
N − C ∈
√
(q0, . . . , ql−1, ql),
whence
p0 ∈
√
(q0, . . . , ql−1, ql).
Since p0 is an arbitrary element of Pl, this completes the induction step.
Example 1 Let K be a field and consider the polynomial ideal I ⊂ R =
K[x1, . . . , x6] generated by the set
P = {x1x2 + x3x4, x1x6, x3x6, x5x6}.
It admits the prime decomposition
I = (x1x2 + x3x4, x6) ∩ (x1, x3, x5),
so that I is reduced and height I = 2. We can apply Lemma 2 to
P0 = {x1x6}
P1 = {x3x6}
P2 = {x1x2 + x3x4, x5x6},
since (x1x2 + x3x4)x5x6 ∈ (x1x6, x3x6). Thus
I =
√
(x1x6, x3x6, x1x2 + x3x4 + x5x6),
whence ara I ≤ 3. In fact equality holds, so that, in particular, I is not a s.t.c.i..
We show that
3 ≤ ara I (3)
by means of the well-known inequality (see [12], Theorem 3.4, or [11], Example
2, pp. 414–415)
cd I ≤ ara I.
Here
cd I = max{i|HiI(R) 6= 0}
is called the cohomological dimension of I; HiI denotes the i-th local cohomology
group with respect to I. We refer to Huneke [12] for the basic notions. Our
claim (3) will follow once we have proven that
3 ≤ cd I. (4)
According to [12], Theorem 2.2, we have the following long exact sequence of
local cohomology groups:
· · · → H3I+(x6)(R)→ H3I (R)→ H3I (Rx6)→ H4I+(x6)(R)→ · · · , (5)
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where, by [12], Proposition 1.10,
H3I (Rx6) ≃ H3Ix6 (Rx6). (6)
Now
I + (x6) = (x1x2 + x3x4, x6) ⊂ R,
Ix6 = (x1, x3, x5) ⊂ Rx6 ,
and both ideals are generated by a regular sequence, of length 2 and 3 respec-
tively. According to [11], Example 2, pp. 414–415, it follows that cd (I+(x6)) =
2, and cd Ix6 = 3, whence
HiI+(x6)(R) = 0 for i > 2, (7)
H3Ix6 (Rx6) 6= 0. (8)
In view of (6), (7) and (8), from (5) we derive an exact row
0 → H3I (R) → H3I (Rx6) → 0
6 ‖
0
,
which implies that
H3I (R) 6= 0.
Our claim (4) follows.
Note that Lemma 1, the original version of Schmitt and Vogel’s result, would not
allow us to compute ara I, since it only gives the trivial upper bound ara I ≤ 4.
In the next section we shall study an ideal obtained by a slight modification
of the ideal I in Example 1, namely J = (x1x2 + x3x4, x1x5, x3x5). We shall
show that araJ = 2. This result, evidently, cannot be derived from Lemma 2.
A new theorem needs to be introduced.
2 A linear algebraic criterion
Let e1, . . . , en be the standard basis of the free R-module R
n.
Theorem 1 Let p1, . . . , pn−1 ∈ R and consider the n× (n− 1)-matrix
A =


c1ei1
...
cnein

 ,
where ck ∈ R for k = 1, . . . , n and i1, . . . , in ∈ {1, . . . , n− 1}. Let
p0 =
n∑
k=1
(−1)kαk0∆k, (9)
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where αk0 ∈ R for all k = 1, . . . , n and ∆k is the determinant of the (n − 1)×
(n− 1) matrix obtained by dropping the k-th row of A. For all k = 1, . . . , n set
qk = αk0p0 + ckpik . (10)
Then √
(p0, c1pi1 , . . . , cnpin) =
√
(q1, . . . , qn).
Proof .-It suffices to show that
p0, c1pi1 , . . . , cnpin ∈
√
(q1, . . . , qn).
For convenience of notation, let us write
A = (αij) i=1,...,n
j=1,...,n−1
,
so that, for k = 1, . . . , n,
qk = αk0p0 +
n−1∑
j=1
αkjpj .
Then
n∑
k=1
(−1)k∆kqk =
(
n∑
k=1
(−1)k∆kαk0
)
p0 +
n−1∑
j=1
(
n∑
k=1
(−1)k∆kαkj
)
pj
= p20.
Here we used (9) and the fact that
∑n
k=1(−1)k∆kαkj is zero: it is the Laplace
expansion, with respect to the j-th column, of the determinant of the n × n
matrix obtained by adding a copy of the j-th column to A on the left. Thus
p20 ∈ (q1, . . . , qn), and
p0 ∈
√
(q1, . . . , qn).
In view of (10) we conclude that, for all k = 1, . . . , n,
ckpik = qk − αk0p0 ∈
√
(q1, . . . , qn).
This completes the proof.
The above theorem contains a linear algebraic condition under which an ideal
generated by n+1 elements is generated, up to radical, by n elements. Analogous
criteria were proved in [3] for the products of two ideals. Next we derive from
Theorem 1 further similar results that apply to ideals which are the sum of a
principal ideal and a product ideal.
Corollary 1 Let α1, α2, β1, β2, γ ∈ R. Then√
(α1β1 + α2β2, β1γ, β2γ) =√
(α1(α1β1 + α2β2) + β2γ, α2(α1β1 + α2β2)− β1γ).
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Proof .-It suffices to apply Theorem 1 for n = 2, p1 = γ, α10 = α1, c1 = β2,
α20 = α2, c2 = −β1. In this case
A =
(
β2
−β1
)
,
so that ∆1 = −β1, ∆2 = β2, and
p0 = −α10∆1 + α20∆2 = α1β1 + α2β2.
Example 2 Let K be a field and consider the ideal
J = (x1x2 + x3x4, x1x5, x3x5) ∈ K[x1, x2, x3, x4, x5].
It has a prime decomposition
J = (x1x2 + x3x4, x5) ∩ (x1, x3),
hence it is reduced of height 2. According to Corollary 1 we have I =
√
(q1, q2)
with
q1 = x2(x1x2 + x3x4) + x3x5 (11)
q2 = x4(x1x2 + x3x4)− x1x5. (12)
Here α1 = x2, α2 = x4, β1 = x1, β2 = x3, γ = x5. In particular, I is a s.t.c.i..
The next result is a generalization of Corollary 1.
Proposition 1 Let α1, α2, β1, β2, γ1, . . . , γn−1 ∈ R and consider the ideal
J = (α1β1 + α2β2) + (β1, β2)(γ1, . . . , γn−1) ⊂ R.
Then there are q1, . . . , qn ∈ (β1, β2) such that
√
J =
√
(q1, . . . , qn).
Proof .-We proceed by induction on n ≥ 2. For n = 2 the claim is Corollary
1. Let n > 2 and suppose that the claim is true for n − 1. Then there are
q1, . . . , qn−1 ∈ (β1, β2), such that√
(α1β1 + α2β2) + (β1, β2)(γ1, . . . , γn−2) =
√
(q1, . . . , qn−1). (13)
Let α′1, α
′
2 ∈ R be such that
q1 = α
′
1β1 + α
′
2β2. (14)
Then set
q′1 = α
′
1q1 + β2γn−1 (15)
qn = α
′
2q1 − β1γn−1 (16)
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Then, q′1, qn ∈ (β1, β2), and, by Corollary 1,√
(q1, β1γn−1, β2γn−1) =
√
(q′1, qn), (17)
so that, in particular, q1 ∈
√
(q′1, qn). Hence, by (13) and (17),√
(q′1, q2, . . . , qn) =
√
(q′1, q1, q2, . . . , qn)
⊃
√
(q′1, qn) +
√
(q1, q2, . . . , qn−1)
=
√
(q1, β1γn−1, β2γn−1) +
√
(α1β1 + α2β2) + (β1, β2)(γ1, . . . , γn−2)
⊃ (β1γn−1, β2γn−1) + (α1β1 + α2β2) + (β1, β2)(γ1, . . . , γn−2)
= J.
On the other hand, q1, . . . , qn−1 ∈
√
J by (13) and, consequently, q′1 ∈
√
J
by (15) and qn ∈
√
J by (16). This implies that
√
(q′1, q2, . . . , qn) ⊂
√
J and
completes the proof.
The proof of Proposition 1 yields a recursive construction of q1, . . . , qn. In
Example 2 we obtained two polynomials q1, q2 generating the ideal
I = (x1x2 + x3x4) + (x1, x3)(x5)
up to radical. We use this result to construct q′1, q3 ∈ K[x1, . . . , x6] such that
q′1, q2, q3 generate the ideal
J = (x1x2 + x3x4) + (x1, x3)(x5, x6)
up to radical. We stick to the notation introduced in Example 2 and, moreover,
we set γ1 = x5, γ2 = x6. Since, by (11),
q1 = x
2
2x1 + (x2x4 + x5)x3,
comparison with (14) yields α′1 = x
2
2, α
′
2 = x2x4 + x5. Then, according to (15)
and (16), we set
q′1 = x
2
2q1 + x3x6
q3 = (x2x4 + x5)q1 − x1x6.
The conclusion is: the ideal
J = (x1x2 + x3x4, x1x5, x3x5, x1x6, x3x6)
is generated up to radical by
q′1 = x1x
4
2 + x
3
2x3x4 + x
2
2x3x5 + x3x6
q2 = x1x2x4 + x3x
2
4 − x1x5
q3 = x1x
3
2x4 + x
2
2x3x
2
4 + x1x
2
2x5 + 2x2x3x4x5 + x3x
2
5 − x1x6.
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In general, for all n ≥ 5, the ideal
In = (x1x2 + x3x4, x1x5, . . . , x1xn, x3x5, . . . , x3xn)
= (x1x2 + x3x4, x5, . . . , xn) ∩ (x1, x3) ⊂ K[x1, . . . , xn],
is reduced of height 2 and there are q1, q2, . . . , qn−3 ∈ K[x1, . . . , xn] generating
In up to radical. Hence ara In ≤ n−3. We are going to show that equality holds,
i.e., that the variety V = V (In) ⊂ Kn cannot be defined by n − 4 equations.
This time we use the following cohomological criterion, due to Newstead.
Lemma 3 [[8], Lemma 3] Let W ⊂ W˜ be affine varieties. Let d = dim W˜ \W .
If there are s equations F1, . . . , Fs such that W = W˜ ∩ V (F1, . . . , Fs), then
Hd+iet (W˜ \W,ZZ/rZZ) = 0 for all i ≥ s
and for all r ∈ ZZ which are prime to charK.
We refer to [13] for the basic notions on e´tale cohomology. Let p be a prime
such that p 6=charK. In view of Lemma 3, for our purpose it suffices to show
that
H2n−4et (K
n \ V,ZZ/pZZ) 6= 0. (18)
By Poincare´ Duality (see [13], Corollary 11.2, p. 276) we have
Hom(H2n−4et (K
n \ V,ZZ/pZZ),ZZ/pZZ) ≃ H4c (Kn \ V,ZZ/pZZ), (19)
whereHc denotes e´tale cohomology with compact support. Hence (18) is proven
once we have shown that
H4c (K
n \ V,ZZ/pZZ) 6= 0 (20)
For the sake of simplicity, we shall omit the coefficient group ZZ/pZZ henceforth.
We have a long exact sequence of cohomology with compact support:
· · · → H3c (Kn)→ H3c (V )→ H4c (Kn \ V )→ H4c (Kn)→ · · · (21)
It is well known that
Hic(K
t) ≃
{
ZZ/pZZ if i = 2t
0 else,
(22)
and
Hic(K
t \ {0}) ≃
{
ZZ/pZZ if i = 1, 2t
0 else.
(23)
In particular, being n ≥ 5, we have H3c (Kn) = H4c (Kn) = 0, i.e., in (21) the
leftmost and the rightmost groups are zero. It follows that the two middle
groups are isomorphic:
H3c (V ) ≃ H4c (Kn \ V ).
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Thus our claim (20) is equivalent to
H3c (V ) 6= 0 (24)
Let W be the subvariety of Kn defined by x1 = x3 = 0. Then W is a (n − 2)-
dimensional affine space over K, W ⊂ V , and
V \W =
{(x1, . . . , xn) ∈ Kn|x1x2 + x3x4 = x5 = x6 = · · · = xn = 0} \
{(x1, . . . , xn) ∈ Kn|x1 = x3 = 0}.
Hence V \W can be viewed as a hypersurface H in the 4-dimensional affine
space over K (in the coordinates x1, x2, x3, x4) defined by x1x2 + x3x4 = 0,
minus the 2-dimensional linear subspace L defined by x1 = x3 = 0. We have
the following diagram with exact rows
H2c (W ) → H3c (V \W ) → H3c (V ) → H3c (W )
‖
H2c (L \ {0}) → H3c (H \ L) → H3c (H \ {0}) → H3c (L \ {0})
(25)
SinceW ≃ Kn−2, and n−2 ≥ 3, from (22) it follows thatH2c (W ) = H3c (W ) = 0;
from (23) it follows that H2c (L \ {0}) = H3c (L \ {0}) = 0. Hence the two middle
maps in (25) are isomorphisms, so that
H3c (V ) ≃ H3c (H \ {0}) (26)
Note that, up to changing the sign of x3, H¯ = H \ {0} is the set of all non zero
2×2 matrices (x1, x3;x4, x2) with entries inK having proportional rows. The set
of such matrices where the first row is zero is a closed subset of H¯ which can be
identified with Z = K2\{0}, and its complementary set is H¯ \Z ≃ K2\{0}×K.
We thus have a long exact sequence of e´tale cohomology with compact support:
· · · → H2c (Z)→ H3c (H¯ \ Z)→ H3c (H¯)→ H3c (Z)→ · · · , (27)
where, by (23), H2c (Z) = H
3
c (Z) = 0, and, moreover, by the Ku¨nneth formula
([13], Theorem 8.5, p. 258),
H3c (H¯ \ Z) ≃
⊕
i+j=3
Hic(K
2 \ {0})⊗Hjc (K) ≃ H1c (K2 \ {0})⊗H2c (K) ≃ ZZ/pZZ,
where we again used (22) and (23). It follows that (27) gives rise to an isomor-
phism
H3c (H¯) ≃ ZZ/pZZ. (28)
Now (28) and (26) imply (24). This proves our claim (20). We have thus shown
that
ara In = n− 3.
It follows that In is not a s.t.c.i. for n > 5.
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